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ABSTRACT 


In  this  paper,  we  prove  the  existence  of  infinitely  many  distinct  T- 


periodic  solutions  of  the  perturbed  Hami ltonian  system  '> 


z  -  J{ H  * ( z )  +  f(t)) 


under  the  conditions  that  H  is  of  C  ,  superquadratic,  and  possesses 


exponential  or  polynomial  growth  at  infinity  and  that  f  is  of  W*7"^  and  T- 


periodic,  via  minimax  methods. 


AMS  (MOS)  Subject  Classifications:  34C25,  58E05,  58F05 


Key  Words:  Hamiltonian  systems,  superquadratic,  perturbation,  monotone 


truncations,  a  priori  estimates minimax  methods,  multiple 


periodic  solutions 


This  research  was  supported  in  part  by  the  United  State  Army  under  Contract 
No.  DAALO 3-87-K-0043,  the  Air  Force  Office  of  Scientific  Research  under  Grant 
No.  AFOSR-87-0202,  the  National  Science  Foundation  under  Grant  No.  MCS-81 10556 
and  the  Office  of  Naval  Research  under  Grant  No.  N00014-88-K-0134. 


PERIODIC  SOLUTIONS  OF  PERTURBED  SUPERQUADRATIC 
HAMILTONIAN  SYSTEMS 

Yiming  Long 

1.  Introduction  and  main  results 


We  consider  the  existence  of  periodic  solutions  of  a  perturbed 
Hamiltonian  system 


(1.1) 


z  *  J(H'(z)  +  f(t) ) 


where  z,  f  :  R  +  R2N,  z  =  “'l,  I  is  the  identity  matrix  on 

at  M  0 J 

H  :  R2n  +  R,  H'  is  its  gradient.  Let  a«b  and  | • |  denote  the  usual  inner 
product  and  norm  on  R2N.  H  will  be  required  to  satisfy  the  following 
conditions, 

(HI)  H  €  C1 ( R2N,R) • 

(H2 )  There  exist  y  >  2,  rg  >  0  such  that  0  <  yH(z)  <  H'(z)»z, 

V|z|  >  r0. 

q2 

(H3)  There  exist  0  <  —  <  q1  <  q2  <  2  and  o^,  >  0,  >  0  for 

i  =  1,2  such  that 


T,l«l  1  t2|z|  2 

c^e  -  31  <  H(z )  <  o2e  +  82 


V  Z  €  R 


( H4 )  There  exist  1<p1<p2<2p1+1,  o^>0,  02>O  for  i  =  1, 


such  that 

p.  +  1  P2+1 

a1 | z|  -  <  H(z)  <  o2 | z |  +8, 


2N 

V  z  e  R  . 


Our  main  results  are 
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Theorem  1.2.  Let  H  satisfy  conditions  (H1)-(H3).  Then  for  any  given 

1  2  2N 

T  >  0  and  T-periodic  function  f  c  W£qC^r,r  (1.1)  possesses  an  unbounded 

sequence  of  T-periodic  solutions. 

Theorem  1.3.  The  conclusion  of  Theorem  1.2  holds  under  conditions  (HI), 

( H2 )  and  (H4). 

Such  global  existence  problems  have  been  studied  extensively  in  recent 
years.  For  the  autonomous  case  of  (1.1)  (i.e.  f  =  0),  the  result  was  proved 
by  Rabinowitz  under  the  conditions  (HI)  and  (H2)  only  ([17,  19]).  His  proof 
is  based  on  a  group  symmetry  possessed  by  the  corresponding  variational 
formulation.  When  one  considers  the  forced  vibration  problem  (1.1)  (f  does 
depend  on  t),  such  a  symmetry  breaks  down.  Bahri  and  Berestycki  ([2]) 
studied  the  perturbed  problem  (1.1)  and  proved  the  conclusion  of  Theorem  1.3 
by  assuming  (H2),  (H4)  and  (HI*)  :  H  e  C2(R2N,R).  Our  Theorem  1.3  weakens 
their  condition  on  the  smoothness  of  H  and  Theorem  1 . 2  allows  H  to 
increase  faster  at  infinity. 

Our  proof  extends  Rabinowitz*  basic  ideas  used  in  [18,19]  and  ideas  used 
in  [12,13].  In  order  to  get  the  smoothness  and  conqpactness  of  corresponding 
functionals,  we  introduce  a  sequence  of  truncation  functions  (Hn)  of  H 
in  and  corresponding  modified  functionals  (Jn)  and  J  of  I,  where 

(1.4)  I(z)  =  J2lT  (j  z»Jz  -  H ( z )  -  f»z)dt  . 

We  make  {1^}  be  monotone  increasing  to  H  and  {Jn}  be  monotone  decreasing 
to  J  as  n  increases.  These  monotonicities  also  allow  us  to  get  L“~ 
estimates  for  the  critical  points  of  Jn  we  found.  We  modify  the  treatment 
of  the  S ^-action  on  w^*2(s\r2*  [)  by  introducing  a  simpler  S ^action  on  it 
to  get  upper  estimates  for  certain  minimax  values.  Combining  with 
applications  of  Fadell-Rabinowitz  cohomological  index  we  get  the  multiple 
existence  of  periodic  solutions  of  (1.1). 


In  §2  we  define  {Hn},  {Jn}  an<*  With  the  aid  of  an  auxiliary  space 

X  we  define  sequences  of  minimax  values  {ak(n)>,  (bk(n)}  of  Jn,  {ak} ,  {bk}- 
of  J  in  §3,  and  discuss  their  properties  in  §4.  §5  and  §6  contain  estimates 

from  above  and  below  for  {ak}.  We  prove  the  existence  of  critical  values 
of  Jn  in  §7.  Then  in  §8  by  showing  that  the  critical  points  of  Jn  for 
large  n  yields  solutions  of  (1.1),  we  complete  the  proofs  of  our  main 
theorems.  Finally  in  §9  we  discuss  more  general  forced  Hamiltonian  systems. 

Since  the  proofs  of  Theorems  1.2  and  1.3  are  similar,  we  shall  carry  out 


the  details  for  the  first  one  only  and  make  some  comments  on  the  second  in  §8. 
For  the  details  of  the  proof  of  Theorem  1.3,  we  refer  to  [13]. 
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§2*  Modified  functionals 

By  rescaling  time  if  necessary  we  can  assume'  T  =  2ir.  Let  E  = 

Vj/2  '^(sl, r2n)  .  The  scalar  product  in  L2  naturally  extends  as  the  duality 
pairing  between  E  and  E*  =  w“  ^  '  2 ( S1  ,R2N) .  Thus  for  z  e  E,  the  actional 


integral  —  A(z)  is  well  defined,  where 


(2.1) 


A(z)  =  /2ir  z* Jz  dt  . 


For  k  e  N,  write  k  =  [y],  k  =  k  where  [y]  is  the  integer  part  of 

y-.  Let  e1,...,e2fj  denote  the  usual  orthonormal  basis  in  R2N.  We  write 
i  =  /-I,  and  denote  for  k  e  N 


(2.2) 


<p.  =  (sin  kt)e  -  (cos  kt)e  ,  i<p.  =  (cos  kt)e  +  (sin  kt)e 

k  k+N  k  k+N 


=  (sin  kt)e^  +  (cos  kt)e^ 


ill).  =  (cos  kt)e  -  (sin  kt)e 
K  r*  r* 


Let  Em,n  =  I  m  <  k  <  n},  E~  =  span{^k,i (  m  <  k  «;  n}  for  m. 


n  r  N,  N  <  m  <  n.  E+  =  E* 


N+1,+® 


,  e“  *  e: 


N+ 1 , +® 


and  E  = 


span{<pk ,iipk  |  1  <  k  <  N}.  Then  E  =  E+  ©  E~  ©  Eu  and  A(z)  is  positive 

definite,  negative  definite  and  null  on  E+,  E”  and  E®  respectively.  For 

z  =  z+  +  z~  +  z°  6  E+  ©  E~  ©  E°  =  E,  we  take  as  a  norm  for  E 

Izl2  =  A ( z+ )  -  A(z  )  +  j z° | 2 
£ 

Under  this  norm,  E  becomes  a  Hilbert  space  and  E+,  E”,  E®  are  orthogonal 

subspaces  of  E  with  respect  to  the  inner  product  associated  with  this  norm, 

as  well  as  with  the  L2  inner  product.  (2.2)  gives  a  basis  for  E. 

A  result  of  Brezis  and  Wainger  [6]  implies  that  E  is  compactly  embedded 

into  iPts1,!*2^,  V  1  <  p  <  +®  and  the  Orlicz  space  L^  with  M(z)  =  eTlzlq  - 
n  k 

£  yy  | z |  q,  V  t  >  0,  0  <  q  <  2  and  n  c  N,  nq  >  1,  and  E  C  .  Note 
k  =  0 

that  q  =  2  is  the  critical  imbedding  value  (cf.  [6,10]).  We  shall  use  the 
following  version  of  their  imbedding  theorem. 


-j.  _>  w> 


6q  =  3i  +  max  [h(z)|,  where  Bi  is  given  by  (H3).  Conditions  (HI)  and 

M<r0 

(H2)  imply  that  for  some  83  >  0, 


(2.4) 


a0iz|M  <  H( z )  ,  V  [z|  >  rQ 


a0|z|u  <  H(z)  +  S0  <  -jj  (H'(z).z  +  S3)  ,  V  z  €  R2N 


Choose  a  e  (0,1)  such  that  yc  >  2.  We  have 


Proposition  2.5.  Assume  conditions  (HI)  and  (H2).  Then  there  exists  a 
sequence  {1^}  C  R  and  a  sequence  of  functions  {Hj^}  such  that 

1°.  0  <  K0  <  <  K^,  V  n  £  N  and  ♦  +«®  as  n  -*•  +»  where  Kg  = 

s0 

maxf1'  ro' 

2°.  Hr  £  C1  ( R2^, R)  V  n  e  N. 

3°.  Hn(z)  =  H(z)  V  n  c  N  and  |z|  <  X^. 

4°.  Hr(z)  <  Hn+1(z)  <  H(z)  V  n  e  N  and  z  e  R2N. 

5°.  0  <  ycrHn(z)  <  H^(z)«z,  V  n  e  N  and  |z[  >  r0. 

6°.  For  n  e  H,  there  exists  a  constant  >  1  independent  of  n 
and  C(n)  >  0  such  that 


|h^(z)|  0  <  C(n)(H^(z)*z  +1)  V  z  e  R2n 


Lemma  2.7. 


1°.  In  e  C 1  ( E, R) ,  V  n  £  H. 

2°.  I(z)  <  In+1(z)  <  In(z),  V  n  c  N  and  z  c  E. 


Proof :  For  1°  we  refer  to  [5,17].  2°  follows  from  4°  of  Proposition  2.5. 


From  now  on  in  this  section,  we  define  t  =  “  /3pa+10. 


Lemma 


2.8.  There  is  65  >  0  independent  of  n  such  that 


(2.9) 


x( 3yg+2) 
2(  T- 1 ) 


af n  2«z»  2  <  j2tt  (h^(2)  +  8o)dt  +  g  V  n  £  H  and  z  £  E 


L  L 


Proof .  By  (2.6) 


L  L 

Ud~2 

3ycr+2  uo  t(3u<j+2)  _  .  2yo  _  _ 

>  —*z —  a_azl!  - -  ■  -  II f n  (2ir)  M  IzJ 

8  0  ua  2(t-1)  2 

Lt  L»  J 


Since  ya  >  2,  (2.9)  holds. 


Lemma  2.10.  There  is  8g  >  0  independent  of  n  such  that  for  any  n  e  N, 


z  e  E  if  I^(z)  =  0  then 


(2.11)  2U2il  (Hn(z)  +  gn)dt  +  6S  <  (  (~  A ( z )  ) 2  +  1)1/2  +  8fi  • 


Proof .  From  <I^(z),z>  =  0,  we  get  that 

2  A(Z)  =  i  C  (HA(Z),Z  +  84)dt  +  2  C  f’Zdt  “  n84 

(2.12)  >  <Hn(z)  +  B0)dt  +  -j  J2n  f.zdt  -  tt04  (by  (2.6)) 

3ya+2  ,2n  .  .  ,  „  . ,  yo-2  yo 

>—r~!0  (Hn(z)  +  S0)dt  +-HT6-c.0«z. 


4  >>  v*/s  ■ 

16  0  ^ya 


-  Ifl  ,lz!  -  v8  -  1 
L2  L2  4 


-7- 


Since  yo  >  2,  (2.11)  holds. 


Let  x  €  C^R/R)  such  that  x^s^  =  1  if  s  <  1,  x^s^  =  0  s  >  t,. 

2 

and  -  — — -  <  x',s)  <  0  if  1  <  s  <  t,  where  t  is  defined  before  Lemma  2.8. 
For  n  e  N  and  z  e  E  we  define 

q>Q(z)  =  (  (-1  A( z )  ) 2  +  1)1/2  +  B6  , 

»(*)  =  ilfti  foW  (H(z)  +  80)dt  +  Bs  ,  »n(z)  =  f2n  (Hn(z)+B0)dt  +  B5  , 

*<z)  '  •  Vz)  *  x(^uTl  ’ 

J(z)  =  -jA(z)  -  f2”  H(z)dt  -  4i(z)  f2v  f*z  dt  , 

Jn(Z)  =  ~  A  ( Z )  -  f2lr  Hn(z)dt  -  !|/n(z)  f2n  f.Z  dt  . 

For  these  functionals  on  E  we  have 


Lemma  2.13.  1°.  i|in  £  C^E/R),  Jn  €  (^(E/R),  V  n  c  N. 

2°.  €  C ( E , R) ,  J  €  C(E,R)  . 


Proof.  For  1°  we  refer  to  [5/17],  2°  follows  from  (H3)  and  Lemma  2.3. 


Lemma  2.14.  For  any  m,  n  e  N,  m  >  n  and  z  e  E, 

1°.  0  <  i  l2*  (H  (z)-H  ( z)  )dt  <  J  (z)  -  J  (z)  <  /^(H  (z)-H  (z))dt, 

2  J  0  m  n  n  m  2-'0m  n 

2°.  0  <  j  /g"  (H(z)-Hn(z) )dt  <  Jn(z)  -  J(z)  4  -|  I**  (H(z)-Hn(z) )dt. 


□ 


Proof .  We  only  prove  1°.  The  proof  of  2°  is  similar.  Let  supp  i|in  be  the 

closure  of  (z  c  E  |  ij>n(z)  ^  °)  in  E* 

If  z  l  supp  ip  U  supp  ip  ,  then  by  4°  of  Proposition  2.5 
n  m 

Jn(z)  -  Jm(z)  =  /§w  (HnlzJ-HntzJJdt  >  0  . 


-8- 


2 

If  z  e  supp  \pn  u  supp  4im,  then  ipj(z)  <  t  <p0(z)  for  j  =  n  or  j  =  m. 


By  Lemma  2.8, 


(2. 15) 


On  the  other  hand 


L  L 


— —  .  a f n  |Zj 

T-1  8  l2«  *2  9iz) 

-  <  - i -  <  — 

T  ( z )  ,  2  ,  2 

Y0  2t  9q(z) 


9  (z)-<p  (z) 


J  (z)  -  J  (z)  =  fj-"  ( H  ( z )  -H  ( z )  )dt  +  X'U>  — - "i — T -  f  •  z  dt  , 

n  m  J  0  m  n  A  T<Pp(z)  ;  0 

9m(z) 

where  we  have  used  the  mean  value  theorem  with  a  number  5  between  - 

9n(z)  T<P0(Z) 

and  —  — (zy.  By  the  definition  of  (pm  and  q>n,  we  get. 


X*(£)  ji1.?.—  J2ir  f.z  at 

(2.16)  J  (z)  -  J  (z)  =  (1  +  - - - - )  f*v(  K  (z)-H  ( z )  )dt  . 

n  m  v  T9^(z)  J  J 0  m  n 


Since  |x'(£)|  <  v  ?  €  R'  by  (2.15)  we  get  that 

X*(r)  f2lT  f.z  dt 

a<  ,  + x  e  . 

2  T9q( z )  2 

Combining  with  4°  of  Proposition  2.5  and  (2.16)  we  get  the  proof  of  V 


Corollary  2.17.  For  any  n  e  N  and  z  e  E 

Jn(z)  >  Jn+1(z)  >  J(z) 


Lemma  2.18.  There  exists  By  >  0  independent  of  n  such  that  for  any 
n  e  *,  z  e  E  and  M  >  Bg*  if  Jn(z)  >  M  then  9q( z)  > 


|j$ 


Proof .  Since  uo  >  2  and 


Jn(z)  <  ^  A<z>  "  anlz|uc7  +  ,f|  ,»z*  o  +  2*8n  * 

n  2  O.ua  2  2  0 

L  Li  Li 


.V 

V'V.V 


V*. 


there  exists  C  >  0  independent  of  n  such  that 

<j»0(z)  =  (  A(z)  )2  +  1)1/2  +  f?6  >  Jn(z)  +  B6  -  C 
and  this  yields  the  Lemma. 


Lemma  2.19.  There  exists  a  constant  8g  >  0  independent  of  n  such 


that  for  any 

n  c  N  and 

Z  €  ' 

Jn(z)  =  In(z) 

and  J^(z) 

=  *n 

Proof . 

For  any  z , 

C  c  E 

(2.20) 

<J^(z) . £>  = 

(1  + 

-  (1 

+  T 

n. 

(1  +  T  _(z)  )  f2lT  H'(z).?  dt  -  4,  (z)  /**  f.?  dt 
n,2  •’On  *  Tn  •'0 


where 


A (z,£)  =  j  J2*(z.  5  +  £  •  J  z )  dt  , 


«(z)  A  ( z )  ®  ( z ) 

T  (2)  „  Y  '  f— _ 1  _ - _  f2 

n>1  T<P0<2>  2t<j>q(z)  (<p0(z)-B6)  0 


In"  f.z  dt 


T  _(z)  =  X '  ('  ~n~~/ — r)  -g-3-U-CT-  -2—  f2lT  f»z  dt 
n,  2  A  KT<pQ(z)J  8t<p0(z)  '0 


If  for  large  enough  8gf  we  have 
(2.21)  |T  (z)  |  < 


T  ,<z)|  <  ,  |t  (z)|  <  . 

”  1  16uc  n,2  ic..^ 


Then  from  (2.20)  with  5  =  z,  we  get 

I  »<2’  >  /o'<H„,zl+so)at  +  ^  V2‘ 


„  -  Ilf  I  Izl  -6.-1 

lpct  l2  l2  4 


This  is  (2.12).  So  9g(z)  >  gn(z),  thus  ^n(z)  =  1  an<*  =  This 

yields  the  lemma.  Therefore  we  reduce  to  the  proof  of  (2.21). 

If  z  l  supp  ^  ,  Tn>1(z)  =  Tn>2(z)  =  0-  If  z  c  supp  i|in,  then 

T2<p.(z)  >  9  ( z )  >  anllzllua  . 


ua-2  tzl  o  1  1 

|Tn,iu|l  <  ^rr 'f'L2'2*)2“°  ^Tir  ‘ 


Similarly 


|Tn/2<z)|  <  M(«p0(z>)^ 


for  some  constant  M  >  0  independent  of  n  and  z,  by  Lemma  2.18,  this 


implies  (2.21)  and  completes  the  proof  of  the  Lemma. 


We  say  Jn  satisfies  the  Palais-Smale  condition  (PS)  if  whenever  a 


sequence  (zj)  in  E  satisfies  that  (Jn(Zj)}  is  bounded  and  J^(Zj)  -►  0 
as  j  +  +o»,  then  {Zj}  possesses  a  convergent  subsequence. 


Lemma  2.22.  For  any  n  €  N,  Jn  satisfies  (PS)  on  [Jn] g  =  {z  £  E 


Jn(z)  >  Bg}»  where  the  constant  8g  >  0  is  defined  in  Lemma  2.19  which  is 


independent  of  n . 


Proof.  Since  J^(Zj)  +  0,  we  may  assume  | <J^(Zj ) ,  z> |  <  R z g £  V  z  e  E. 
the  assumption  Bg  <  Jn(Zj)  <  M,  from  (2.20)  and  (2.21)  we  get 


M  +  I.  IE  >  Jn(z  .)  -  <J.(Z  ),  Z  > 

n ,  1  j 


1+T  (z.) 

n>2  J  r2n 


—  ■  ■  - — 7 - —  f  H'(z.)»z.dt  -  f  H  (z.)dt 

2(  1+T  ,(z,))  J0  n  3  j  -’0  n  j 

n,  l  3 

t1  2(  1+T  (z.)))  ,('n(zj)  U  f*ZjC 

n,  1  j 


>  J2*  H'(z.).z.dt  +4  (ua-2)  /2*( H  (z.)+Sn)dt 

16ua  '0  n  3  3  4  ;  0  n  j  0 


“  3  ,f,2,Zj,2  -  2*<S4  -  V 

L  L 


Therefore  there  is  M1  >  0  independent  of  n  and  j  such  that 


(2.23)  lz.lya  +  In*  (  H '  { 2  .  )  •  z  .  +  ft  )dt  <  M  ,(|2.|_  + 

jTUCJ  J  0  n  3  3  4  1  3  E 


1)  . 


Write  Zj  =  zt  +  Zj  +  z9.  Since  z^j  =  z_.dt,  there  is  M2  >  0 


independent  of  n,  j  such  that 


(2.24) 


'z°|  4  iz.i  <  m  (tz.a^a  +  i) 
31  3  LU0  2  3  E 


From  (2.20)  for  <J^(Zj),  zt>,  we  9et 


1  'Ve  <  <Wr»,1<*j,>A"j>  ‘f  /o,|BAIZ3>I  |zjldt  +  ,f*  2,Zj'  2  +  ,Zj‘ 


L  J  L 


By  6°  of  Proposition  2.5  and  (2.23)  we  get 


/„2X‘Vl  |zj|at  ‘  t/o'lHi(Zj>l>0at>VX°'Z5lL  V’V” 


4  M3(n)(|zjlE 


1+1/X, 


for  some  constant  M3(n)  >  0  independent  of  j.  Thus  there  is  M4(n)  >  0 

independent  of  j  such  that 

+  2  1  +  VX0 

lz .  I  4  M.(n) (#z  i_  +  1)  . 

j  E  4  j  E 


Similarly 


-  2  1+,/\> 
lz  .  I  4  M  (n) ( I z  .  I_  +  D 

3  E  5  3  E 


for  some  M^(n)  >  0  independent  of  J.  Combining  with  (2.24),  we  get  a 

constant  M,  (n)  >  0  independent  of  j  such  that 
o 


(2.25) 


Iz.l  4  M  (n) 
3  E  6 


Let  P-  :  E  >  E"  be  the  orthogonal  projections.  From  (2.20) 


p±J-(z.)  =  ±(1  +  Tnf1(z.))z*  ±Pn(z.) 


where  Pn  is  a  compact  operator  by  (Hi),  (H2)  and  Proposition  2.5.  Since 


iswiw  SSwSysS  sSH 


±  zj  -  +  Tn,1<zj)>"  P"JA(zj}  "  (1  +  Tn,1<zj))  P_  n'z j  * 

By  (2.25)  this  shows  that  {zt}  and  {Zj}  are  precoiqpact  in  E.  By  (2.25) 
{z9}  is  also  precompact,  therefore  {z^}  is  preconpact  in  E,  and  the  proof 


is  complete. 


Lemma  2.26;  There  exists  a  constant  89  >  0  such  that 

i/q. 

(2.27)  |j(z)  -  J(T  z) j  <  8Q(log  (|j(z)|  +  1)  +  1)  v  z  €  E  • 

where  q^  is  defined  in  (H3). 

Proof:  A  direct  application  of  HiSlder  inequality  shows  that  there 
exists  c.j  >  0  such  that 


vh  /o'hiiti  1  ,  2,  Tihi  1 

1  ‘  7  Jo  * 


at  +  c1  v  z  €  e 


If  z  e  supp  tj>,  | J(z>|  >  ( “  0  /o’CHU)  +  S0)dt  -  c2  J0  |z|dt  c3 


2-  tllzl 

>  c^  Jq  e  dt  —  Cg  • 

Here  we  used  (H3),  and  c^'s  denote  positive  constants.  Therefore 
|  J(z)  -  J(T  z)|  <  2  ij/( z )  Jg*  |  f  «z  |dt  <  c^ipfz )  /qW1  z  I 

Vq 

<  8g(l0q  ( I J(Z) I  +  1)  +  1) 
for  some  Sq  >  0  and  the  Proof  is  complete. 


>3.  A  minimax  structure 


For  k  e  N,  k  >  N+1,  we  define  Vk(E)  =  E^+1  k  ®  E~  ©  E®.  By  (2.6)  and 
Corollary  2.17,  there  exists  Rk  for  k  >  N+1  such  that  1  <  Rk  <  Rk+1 
and  J(z)  <  Jn(z)  <°  V  n  £  N,  z  c  Vk(E)  with  |zlE  >  Rk. 

Let  Dk(E)  =  Vk(E)  H  Bk(E),  Bk<E)  =  {z  £  E  )  Izlg  <  R^. 

For  z  =  z®  +  z+  +  z“  £  E  we  write 

A  A 

■f  iak  A  A  A  A 

(3.D  z  =  l  p  e  ?>v/  z  =  I  ove  where  p  ,a.  >  0,  a,, 8.  €  t0,2r] 


k>N+ 1 


k>N+1 


Then  we  have 


IzB^  =  j  z °  I  2  +  2ir  T  k(p^+a^),  and 
k>N+1 


Q  i(ak+k0)  * 

T  z  =  z  +  l  (p  e  «p  +  a  e 

9  k>N+1  k  k  K 


i ( 8t+k0) „ 

ke  V 


V  0  e  [0, 2ir] 


We  define  a  new  s^-action  on  E  by 


-  0  i(ak+0)  „ 

Tfl2  =  z  +  l  (pke  9  +  a  e 

0  k>N+1  k  k  k 


i(8k+e) 


i|>k>  v  0  £  [0, 2ir] 


for  z  with  expression  (3.1)  and  denote  E  with  T^  by  X.  We  define  an 
S1 -action  on  X  x  E  by 

T  ( x ,  z )  =  (T  x,T  z)  V  (x,z)  £  X  x  E  and  0  £  [0,2x] 

0  0  0 

We  also  define  S1 -invariant  sets,  equivariant  maps,  invariant  functionals 
for  X,  E,  X  x  E  in  a  usual  way  (cf.  [9]).  Let  E  (or  X ,F )  denote  the 
family  of  closed  (in  E)  (or  X,XxE)  S^invariant  subsets  in  E\{0}  (or 

X\{0},  X  x  E\ { 0  > ) .  Then  F  contains  x  {0}  and  {0}  x  £.  For  B  £X*  we 

.  * 

say  a  map  h  :  B  +  E  is  S  -equivariant  if  h(T  x)  =  T  h(x)  V  x  £  B  and 

0  0 

0  c  (0, 2  it  J  .  We  also  denote  by  Vk(X),  Dk(X),  Bk(X)  the  sets  in  X 
corresponding  to  Vk(E),  Dk ( E ) ,  Bk ( E ) ,  etc.  We  introduce  the  Fadell- 


■'VWji 


Fabinowitz  cohomological  index  theory  on  F  (cf.  [9]). 

Lemma  3.2:  There  is  an  index  theory  on  F  i.e.  a  mapping 
y  :  F  {0}  U  N  U  {+»}  such  that  if  A,B  e  F 

1°.  y(A)  <  y(B).  if  there  exists  h  c  C(A,B)  with  h  being  S1- 
equivariant. 

2°.  y(aub)  <  Y(A)  +  y(B). 

3°.  If  B  C  (XxE ) \ ( X^xE^ )  and  B  is  compact,  then  y(B)  <  «  and  there 
is  a  constant  6  >  0  such  that  y(SI^(B,XxE))  =  y(B)  where 
N6(B,XxE)  =  {zeXxE  |  az-BHXxE  <  6}. 

4°.  If  SC  (XxE)\(X°xE°)  is  a  2n-1  dimensional  invariant  sphere. 


then  y(S)  =  n* 

By  identifying  X  with  X  x  {0},  and  E 
that  the  index  theory  y  is  defined  on  both  X 
For  x  c  X,  z  e  E,  we  write  z  ~  x  if  z° 

a  a  ^  a 

ak<z)  =  ak(x),  a^z)  =  a^x)  and  6k(z)  *  Bk(x) 

A  A 

A  A 

For  x  =  x°  +  X  (pke  <pk  +  ake  i|»k) 
k>N+1 


with  {0}  x  E,  we  may  view 
and  E. 

=  x°,  pk(z)  =  pk(x), 

V  k  >  N+1. 

e  X,  we  define 


h(x)  =  x°  +  l  (p. 


ikov 


ik6v 


k>N+1 


\  +  °ke 


About  this  map  h,  we  have 


Lemma  3.3:  1°.  he  C(X,E)  and  is  surjective. 

2°.  h  is  S ^-equivariant. 

3°.  hOB  (X)  O  Vk(X))  =  3Bp(E)  n  Vk(E)  V  p  >  0,  k  >  N+1. 
4°.  h(x)  =  z  if  x  e  X®  and  x  ~  z. 


5°.  If  {h(x  )}  is  convergent  in  E,  {Xj^}  is  precompact  in  X 


Proof :  1 


°  ~  4°  are  direct  consequences  of  the  definition  of  h.  Suppose 

{xn}  C  X  and  h(xn)  z  in  E  as  n  ®.  Write  xn  =  (x°;  pJt(n),  a^fn); 

—  2  2 

<Jk(n);  8k<n>>.  Since  2irk(p  (n)  -  p  (m)  )  <  |h(x  )  ~  Mx  )!-./  we  get  that 

k  n  in  r< 

{ pj^ (n ) } ,  similarly  {ak(n)},  is  convergent  for  each  k  £  N.  Since  {x^}  is 
precompact,  and  a^n),  8k<n)  €  [0,2k],  we  can  choose  a  sequence  {Uj}  in 
N  such  that  {x^  },  and  {Bk(nj)}  are  convergent  for  every  fixed 

k  e  N.  Then  {jc^  }  is  convergent  in  X.  This  proves  5°. 

□ 

We  name  the  above  map  h  :  X  +  E  by  "id".  With  the  aid  of  "id"  we  can 
define  minimax  structures  now. 


Definition  3.4.  For  j  £  N,  j  >  N+1,  define  Tj  to  be  the  family  of 
such  maps  h,  which  saisfy  the  following  conditions: 

1°.  h  c  C(Dj(X)  ,  E )  and  is  S^equi  variant. 

2°.  h  -  id  on  OB.j(X)  H  V^fX))  U  (X°  n  Dj(X))  =  F^X). 

3°.  P”h ( x )  =  a(x)P~id(x)  +  8(x),  V  x  e  Dj(X),  where  a  e  C(Dj(X), 
[l.aj)  with  1  <  a  <  +®  depending  on  h  and  is  S ^invariant, 

8  €  C(Dj (x) ,  E-)  is  compact  and  S^equivariant,  and  8  =  0  on 
F  j ( X) . 

4°.  h(Dj(X))  is  bounded  in  E. 


maps 


Definition  3.5.  For  j  £  N,  j  >  N+1,  define  Aj  to  be  the  family  of 
h,  which  satisfy 

1  .  he  C ( D j+  ^ { X) ,  E)  and  ^Id-(x)  ^  r*j. 

2°.  h  =  id  on  (9Bj+1(X)  Pi  Vj+1(X) )  U  ( (B j+1 ( X)\B j ( X) )  H  Vj(X))  =  Gj(X). 

3°.  P~h(x)  =  a(x)P”id(x)  +  8(x),  for  any  x  £  Dj+1(X)  where 

a  €  C(Dj+1(X),  [1,3])  with  1  <  3  <  +®  depending  on  h, 

8  €  C(Dj+j(X),  E-)  is  compact  and  8=0  on  Gj(X),  and  a,  8 


are  extensions  of  the  corresponding  maps  defined  in  1°  via  the 


definition  of  r j • 

4°.  h(Dj+1(x))  is  bounded  in  E. 

Remark,  id  £  T-j  D  Aj  for  any  j  >  N+1. 


Lemma 

3.6. 

For  j  >  N+1,  any  h 

£  Tj  can  be  extended  to  a 

map  in 

Aj. 

Proof. 

For 

h  £  Tj,  define  h  = 

id  on  Gj(X). 

This  also 

extends 

a 

and  g  in 

u> 

O 

o 

Definition  3.4  of  h 

by  a  =  1  and 

8  =  0  on 

Gj(X). 

Now 

we  use  Dugundji  extension  theorem  [7]  to  extend  a,  8  to  the  whole  Dj+.j(X). 
Since  by  this  theorem  the  image  of  the  extension  mapping  is  contained  in  the 

closed  convex  hull  of  the  original  image,  a  e  C(Dj+^(X),  [1,a])  and 

8  e  C(Dj+1(X),  E~ )  is  compact  and  4°  of  Definition  3.5  holds.  We  use  this 
theorem  again  to  extend  P+h,  P°h  to  the  whole  Dj+1(X).  (P°  :  E  +  E°  is 

the  orthogonal  projector. )  Then  define  h  =  P"^h  +  P~h  +  P°h.  It  is  easy  to 
check  that  h  £  A j . 

Now  for  k  c  N,  k  >  N+1  we  define 

Ak  =  {h(D  <x)\Y)  I  j  >  k,  h  €  I\,  Y  €  X  With  y(Y)  <  j-k}  , 

8k  =  {h(D  <X)\Y)  I  j  >  k,  h  €  Aj,  Y  c  X  With  y(Y)  <  j-k>  , 

ak  =  inf  sup  J(z)  ,  bk  =  inf  sup  J(z) 

AcAk  Z£A  ®€^k  zcB 

av(n)  =  inf  sup  J  (z)  ,  b,  (n)  =  inf  sup  J  (z) 

K  .  .  f  n  '  k  .  _  c  „  n 

Ac  K  zcA  Be°k  Z£B 

Since  id  c  Fj  O  Aj  and  0  £  A  fl  B  V  A  £  Aj,  B  c  8^,  -<*>  <  ak,  1^,  ak(n), 
bk(n)  <  +®. 


We  have 


Properties  of  sequences  of  minimax  values. 

Lemma  4.1.  1°.  {a^}  and  {b^}  are  increasing  sequences. 

2°.  (ak(n)}  and  (b^fn)}  are  increasing  sequences  for  fixed  n  e  N 

3°.  a^  <  bj^,  ak(n)  <  b^n)  V  n,  k  c  N. 

4°.  a^  <  ak(n+1)  <  ak(n),  b^  4  bj^n+l)  <  b^fn)  V  n,  k  c  N. 

Proof .  1°  and  2°  are  due  to  the  fact  that  Ak+l  C  Ak  and  8k+i  C  8k 

For  any  B  =  h(D.  (X)\Y)  e  8  ,  let  A  =  h(D. (X)\Y),  then  A  C  B  and 
D+i  *  3 

A  e  Ak*  so  3°  holds.  4®  follows  from  Corollary  2.17. 


Lemma r  4.2.  For  any  fixed  k  c  N,  k  >  N+1. 

1°.  lim  a^(n)  =  a^ 
n-H» 

2°.  lim  b  (n)  =  b. 

k  k 

n-H» 

Proof.  We  only  prove  1°.  2°  can  be  done  similarly. 


Given  any 


that  sup  J  ( z ) 
zeA„ 


e  >  0, 


<  ak  + 


by 


e 

3’ 


the  definition  of 
So 


ak' 


there  is  AQ  e  Ak  such 


(4.3)  ak(n)  <  SUp  Jn(z)  <  ^  +  "f  +  SUP  Dn{2) 


zcA. 


zeA. 


where  D  (z)  =J_(z)  -J(z).  Since  An  is  bounded  in 


sup 


D  (z)  <  +®.  Thus  for  every  n  e  N,  there  exists 


zcA. 


0 

(4.4) 


sup  D  (z)  4  D  (z  )  +  — 
n  n  n  j 

ZcAq 


Since  E  is  compactly  imbedded  into  L^(S^,R^),  (zn) 


V  n  c  N 

E ,  by  Lemma  2.3, 
zn  c  Ag  such  that 


possesses  a 


From  real 


subsequence  {z  }  which  converges  to  some  zn  in  L'(S,R2N). 


nj 


analysis  (cf.  [14])  (zn  }  ^as  a  subsequence  which  converges  to  Zq  almost 


everywhere.  We  still  denote  it  by  {zR  }. 


Let  C  =  {t  e  [0,2it]  |  |zQ(t)|  <  «}  Pi  (t  e  [0,2r]|  z  (t)  -►  zQ(t)  as 

3 


j  ♦  “}/  then  Q  has  Lebesgue  measure  2tt  •  For  any  t  e  Q,  there  is 
(t)  >  0  such  that  |zfi  (t)|  <  jz0(t)|  +  1,  V  j  >  N^t).  Choose 


N2(t)  >  Nj ( t )  such  that  Kn  >  J  zQ  C t ) |  +  1,  V  j  >  N2(t)  where  {1^}  is 


defined  in  Proposition  2.5.  Then  H  (z  ( t ) )  =  H(z  (t)),  V  j  >  N_(t).  Thi 


n3  n3 


n3 


shows  that  H(z  )  -  H  (z  )  +0  almost  everywhere  as  j  +  ®.  Thus  H(z  ) 

j  j  j  j 


-  H  (z  )  -*•  0  in  measure  as  j 

"j  nj 


Since  (zn . }  are  bounded  in  E,  by  (H3)  and  Lemma  2.3,  {H(zn  )  - 
Hn.(zn  >  I  3  ^  ®)  are  bounded  in  L2(S1,R2N).  So  by  a  theorem  of 

3  3 


De  La  Vallde-Poussin  (Theorem  VI. 3. 7  [14])  with  $(u)  =  u,  (H(z  )  -  H  (z  ) 

3  3  3 


3  c  M}  have  equi-absolute  continuous  integrals. 

Now  we  can  apply  D.  Vitali's  theorem  (Theorem  VI. 3. 2  [14] )  and  get  a 


constant  N3  >  0  such  that 


>  -  H„  tzn  ,,dtl  <?£  '  v  J  >  N3 

3  3  3 


2e 


Combining  with  (4.4)  and  Lemma  2.14  we  get 


0<Dn'V)<T  W  3  >  N3 

j  1 


Let  Nq  =  nN  ,  then  combining  with  (4.3)  yields  ak(N0)  <  ak  +  e»  By  Lemma 


4.1  we  get 


ak  4  ak(n)  4  ak(N())  4  ak  +  e  V  n  >  NQ 


This  completes  the  proof. 


By  (2.27)  we  get 

Vqi 

(5.1)  J(TQz)  <  J(z)  +  gg(log  ( | J( 2 ) |  +  1)  +  1)  V  z  c  E  and  0  e  [0,2*] 

So  there  is  M1  >  0  depending  only  on  gg  and  q1  such  that 

i/q. 

(5.2)  J(z)  +  gg(log  (|j(z)|  +  1)  +  1)  <  0  if  J(z)  <  -M1  . 

We  shall  prove  the  following  claim  in  §6:  a^  +  +<»  as  k  -*•  ».  so  there  is 
a  kQ  e  N,  kg  >  N+1  such  that 

(5.3)  ak  >  M.,+1,  V  k  >  kQ  . 


Proposition  5.4.  Assume  that  there  is  k^  >  kQ  such  that  bk 
V  k  >  k-j.  Then  there  is  M  =  M(k-j)  >  0  such  that 

i/q! 


=  a. 


(5.5) 


ak  <  Mk  (log  k) 


V  k  >  k. 


Proof .  Assuming  the  following  inequality  for  a  moment 


(5.6)  inf  sup(  max  J(T  z))  <  inf  sup(  max  J(T  z)) 

AcAk+1  zeA  0e  [0 , 2*]  BeS^  zcB  9€^0'2lT^ 


For  k  >  k.  we  get 


a,  <  inf  supf  max  J(T  r. )) 
™  Bs8k  «B  «<|0.2||  6 


For  any  e  >  0,  by  the  definition  of  b^,  there  is  a  Be  Bk  such  that 


sup  J(z)  <  b  +  e  =  a.  +  e-  For  this  B,  using  (5.1),  (5.2),  (5.3)  we  get 
_  *  * 


zeB 

that 


Vql 

J(T  z)  <  a  +  e  +  0Q(log  (a  +  e  +  1)  +  1)  V  z  e  B  and  0  e  [0 , 2tt ] 
9  k  y  k 

Therefore  there  is  M2  >  0  depending  only  on  gg  and  q^  such  that 

1/qi 

ak+1  <  ak  +  e  +  M2 ( log  (ak  +  e)  +  D 
Letting  e  *»■  0  yields 

i/q 


Vq.i 

(5.7)  ak+1  <  ak  +  M2(log  ak  +  1)  . 

Write  5k  =  ak(k  logPk)~1,  p  =  1/q.,.  W«  need  to  prove  {6k}  is  bounded.  Now 


-20- 


(5.7)  becomes 

(5.8)  6k+1  (k+1  )logr(k+1 )  <  5^  k  lo^k  +  M2((log  6^  +  log(k  logPk)  )P  +  1)  . 


If  6k+-j  >  6k  we  get 


,  +  log(k  log^k)^  +  _ 1 

^  log  6,  J  i  — 


6k  lo,-\  <  M2 


log  6, 


kdog^fk+D-log^kJ+log^fk+l) 


If  6]^  >  e,  then 


s  io<,-pj  <  M  iiasa  fc  +  b  1°a...1??.  k>  +  ’  . 

k  k  2  lo^lk+l) 

Thus  there  is  M3  >  0  depending  only  on  P  and  M2  such  that  6k  <  M3. 

Then  from  (5.8)  it  is  easy  to  see  that  there  is  a  constant  M4  >  0  depending 
only  on  M3  and  p  such  that  \+i  <  M4* 

Therefore  Sk+1  <  max{<5k,M4},  V  k  >  k-j.  So  $k  <  max{6ki»M4},  V  k  >  kj. 
Let  M  =  max{6k  ,M4}.  This  yields  (5.5).  Therefore  we  reduce  to  the  proof  of 
(5.6) ,  i.e. 


Lemma  5.9.  If  L  is  a  continuous  -invariant  functional  on  E,  then 


(5.10) 


inf  sup  L ( z )  <  inf  sup  L(z)  V  k  >  N+1 


A«Ak+1  zeA 


bcBk  zeB 


Proof .  Given  any  B  e  £Jk,  by  the  definition,  there  are  j  >  k,  h1  c  Aj. 
Y  €  X  with  y<Y)  <  j-k  such  that  B  =  h 1 (D..+ 1 ( X)\Y) .  Let 

U^X)  =  {x  €  Dj+1(X)  |  x  =  x«  +  pj+1ij  +  1,  x'  €  VjfX),  pj+1  >  0 

and  |x|£  <  Bj+1>  • 

By  the  definition  of  h ^ ,  for  any  x  c  Uj(X),  P”h^(x)  =  a^(x)P  id(x)  +  B^x), 
where  (!•)  and  are  given  by  3°  of  Definition  3.4.  We  define 

a(x)  =  a^x),  B(x)  =  B,(x)  V  x  e  O.(x) 

A  A 

a(T„x)  =  a. (x ) ,  8(T.x)  =  T„B(x)  V  x  e  IMX)  and  0  e  (0,2n)  • 


Note  that  Dj+1(X)  =  U  T  U  .  ( X )  and  for  any  given  y  e  D^+1(X). 

A  0£  [0 , 2ir]  3 

TgX  =  y  possesses  a  unique  solution  (x,9)  in  Uj(X)  x  [0,2ir).  So  a  and 
$  are  well  defined,  a  e  C(Dj+1(X),  [1,0.,])  is  S^invariant,  $  c  C(Dj+1(x),  E~) 
is  compact  and  S ^-equivariant. 

Define 


h  (x)  =  a(x)P  id( x )  +  3(x) 


V  x  €  Dj+1(X) 


h+(x)  =  P+h 1 ( x ) ,  h°(x)  =  P°h1(x)  V  x  e  U ,(x) 

h+(T  x )  =  T  h+(x),  h°(T  x)  =  h°(x)  V  x  e  U.(x)  and  6  e  [0,2n) 

“00  3 


r» 

i 

T\ 

and 

h(x)  -  h+(x)  +  h~(x) 

+  h°(x) 

V  X  g  D  ■ 

>, 

V 

V 
'  / 

V 

i 

A 

Then  h  c  fj+i,  h  =  h1  on  Uj(X)  and  h(T^x) 

] 

«  TQh(x) 

[ 0 , 2ir] .  Let  A  »  h(Dj+1  (X)\Y)  then 

A  €  \+1 

and  we  1 

sup  L(z)  =  sup 

(  max 

L(T  x))  < 
0 

zcA  z«h1(Uj(X)\Y) 

9e[0,2r] 

This  completes  the  proof  of  Lemma  5.9  and  then  Proposition  5.4. 


Remark .  Proposition  5.4  is  a  variant  of  Lemma  1.64  [18]  in  S  -setting. 
Lemma  5.9  is  new.  The  space  X  is  introduced  to  get  the  unique  expression 

A 

y  =  TgX  for  given  y  e  Dj  +  1(X)  in  terms  of  (x,8)  in  Uj(X)  x  [0,2it), 
which  is  crucial  in  the  proof  of  Lemma  5.9. 


§6.  A  lower  estimate  for  the  growth  rate  of  {a^} 

In  this  section,  we  shall  prove  the  following  estimate  on  {a^}. 
Proposition  6.1.  There  are  constants  X  >  0,  kp  >  N+1  such  that 


(6.2) 


ak  >  X  k  (log  k) 


V  K  >  Kf 


We  shall  carry  out  the  proof  in  several  steps. 
Step  1 .  We  consider  a  Hamiltonian  system 


(6.3) 


z  =  J  VF<  1  z  |  )  =  J  z 


and  its  corresponding  Lagrangian  functional 


«  (z)  =  -J  A(z)  -  F( J  z | )dt  V  z  c  C1(S1,R2N)  . 


By  direct  computation  we  have 


Lemma  6.4.  If  the  function  F  satisfies 


(FI)  F  €  Ci [0,+»),R). 

F'  (t) 

( F2 )  Let  gp(t)  =  - ,  then  gF(0)  =  0,  lim  gp(t)  =  +«,  and  gp(t) 

is  strictly  increasing. 

(F3)  Let  hp(t)  -  F ' (t ) t  -  2F(t),  then  hpCg^CU)  >  0  and  hp(t)  is 
strictly  increasing  for  t  >  gF 1 ( 1 ) . 


1°.  The  solutions  of  (6.3)  are  all  in  E+  and  of  the  following  form 


zk(t) 


cos(kt)I  sin(kt)I 


sin(kt)!  -  cos(kt)I 


for  any  vk  £  R2N  with  |vk|  =  yk(F),  k  e  *  and  v0  =  0  where  yk(F)  =  gF  (k 
satisfies  yk(F)  ♦  +•  as  k  +  +«  and  0  =  yg(F)  <  Tk(F)  <  Yk+1^F^  k  c  H 

I  is  the  identity  matrix  on  • 

2°.  Let  d0(F)  *  0,  dk(F)  =  $F(zk)  V  k  €  N,  then  dk(F)  =  irhF(yk)  >  0, 
is  strictly  increasing  in  k. 

Step  2.  We  define  a  function  G  :  [0,+«)  +  R  by 

•  k  q  n  k 

r  t  *■  \  -  r  T  kq  Tt  r  T  kq 

(  3  £  7Tt  =ae  ■  I  rr 

k*n+ 1  k  k=0 


where  a  “  2a2»  T  3  T 2 •  “  t?2'  a2'  T2'  ^2 


are  given  by  (H3),  and  n  is  the 


illcst  positive  integer  such  that  n  >  [“•]  +  1  and  Tdqf^3-)  \  k,  (  )  < 


Then  it  is  easy  to  see  G  satisfies  (FI)  and  (F2).  Since 


*>  k 


(6.5)  hG(t)  E  G’(t)t  -  2G(  t )  =  aq  t(n+1)q  +  a(xqtq  -  2)  J  Jy-  tkq 


k=n+ 1 


when  t  >  1//q,  hG(t)  >  0  and  is  strictly  increasing. 

Write  =  Yj^G)  for  k  e  N,  we  claim  that  Yi  >  For 

otherwise  we  have  the  following  contradiction. 


i  «  VV  =  aq ,  l ,  irfrjT  ^kq"2  <  ^C?)  l  ki  (q)k  <  1 


k=n+1 


Therefore  G  satisfies  (F3),  and  we  also  have  that 

n+ 1  od  k 

(6.6)  G'(t)t  -  4G(t )  =  aq  — — : —  t  n+  q  +  a ( xqtq  -  4 )  £  ~  t  q  >  0 

n!  k=n+ 1  K1 


and  is  strictly  increasing  for 


there  is  t1  >  0  such  that 


t  >  <^-)1/q. 


( — )  .  It  is  also  easy  to  see  that 

xq 


(6.7) 


0  <  G(t )  <  t  V  t  e  [0,t  ]  • 


We  consider  the  Hamiltonian  system 


(6.8) 


z  =JVG(  |z|  )  =  G  [  ^  ) 


and  write  <J>  =  <t>G,  dk  =  dk(G)  V  k  e  {0}  U  N.  Besides  properties  described  in 


Lemma  6.4  we  also  have 


(6. 10) 


Lemma  6.9.  There  are  >  0,  k^  e  N  such  that 

)  dk  >  X1  k  (log  k)2/q  V  k  )  k, 


V  k  >  k1  . 


Proof .  From  gG(Y|<)  =  k  we  have 


q-2  X\ 


toq  Yk  e 


-  I  ^q“2  "  k 


TYk  >  log  k  +  ( 2-q) log  Yk  ”  logfatq) 


Thus  there  is  kj  c  H  such  that 


G  *  ( t ) 

Since  G(t)  =  ( — - xaqt 


{n+1)q-2  x_\  1_  2-q 
nl'  xq 


we  get 


dk  -  ir(G'  ( Yv )  Yv  *  2G(Yv)  >  ir(kY2  -  ~  Yk~q>  =  *kY2(1  “ 


So  there  is  >  k2  such  that  for  any  k  >  k1 


xq  'k 


dk  >  j  kY2  >  X1  k  (log  k)2//q 


,  ,  ir  ,  1  , 2/q 

where  A1  =  —  (— ) 


For  k  e  N,  k  >  N+1  we  define 


c^  =  inf  sup  4(z) 


A  2ta 


Since  4>  e  C(E,R),  (6.6)  and  0  e  n  A,  we  get  -®  <ck  <  +«.  From  A^+1  c  A 

AeA, 


we  get 


(6.11) 


ck  <  ck+1  V  k  >  N+1  . 


By  ( H3 )  and  the  definition  of  G,  there  is  a  constant 


>  0  such  that 


H(z)  +  j  1  z | 2  <  G(|z|)  +  c1  V  z  e  R*"  . 

1  2 

For  z  c  E,  by  Holder's  inequality  we  get  for  c2  =  Ci  +  T  ,f*  2* 

L 

J(z)  >  ~  A(z)  -  /2ir(  H(z)  +  j  |  z  | 2 )  dt  -  j  If  I2  >  *(z)  -  r  . 


So  we  get 


(6. 12) 


a^  >  c^  -  5 2  V  k  >  N+1 
Let  mQ  =  [Yl]  +  1  and  define  for  m  >  mQ 


G(t )  ,  if  0  <  t  <  m 

m  \  G'jm)  fc4  +  G(n)  _  E  G» {m)  ,  if  m  <  t  . 

I  4m3  4 


Then  Gm  satisfies  (FI)  and  (F2).  For  n  <  t 

(6.13)  G£(t)t  -  2GM(t)  =  -  t4  +  -1  (G'(m)xn  -  4G(m))  . 

m 

By  (6.6)  and  the  properties  of  G,  G^  satisfies  (F3).  So  Lemma  6.4  holds 


for  G  .  Since 
m 


GjJ, ( t )  t  -  4Gm(t)  =  — ' y-  t4  +  (G’(m)m  -  4G(m)  )  ,  V  t  >  m  , 

m 

We  get  that 

0  <  (^(t)  <  <  G(t)  V  t  >  0 

and 

0  <  4Vfc>  <  G^(t)t  v  t  >  r,  =  (^)Vq  . 

From  the  definition  of  Gm  and  (6.7),  there  is  a  constant  am  >  0  depending 
on  m  such  that 

(6.14)  G^t)  <  amt4  V  t  >  0  . 

We  consider 

g;(|.|> 

(6.15)  z  =  JVG  (|z|)  =  — — j — | Jz 

m  I  z  | 

and  write  =  $G  ,  dk(m)  =  dk(Gm).  Then  4m  e  C^E,!*)  and  satisfies  (P.S) 
condition.  Define 

c.  (m)  =  inf  sup  4>(z)  V  k  >  N+1,  m  >  m. 
k  Ae\  zeAm  0 

Then  we  have  -»  <  ck(m)  <  +<*>.  To  get  more  accurate  estimates  on  ck(m),  we 

need 

Lemma  6.16.  Let  N+1  <j<m,  0<p<  1^,  h  e  Tm  and 

Q  =  {x  e  D  (X)  I  h(x)  e  3B  (E)  n  .(E)}  . 

m  p 

Then  Q  is  compact  and  y(Q)  >  m-j+1. 

Proof .  This  Lemma  is  a  variant  of  Proposition  1.19  [19].  Note  that  firstly 
id(xj)  =  P~id(xi)  by  5°  of  Lemma  3.3,  {P”id(xi)}  being  convergent  implies  that 
{x7}  has  a  convergent  subsequence.  This  yields  that  Q  is  compact.  Secondly,  by 
the  definition  of  h  e  Tm,  if  we  let  Ek  ”  EN+1,k  ®  EN+1,k  ®  E°' 

Xk  =  Xn+i  k  ®  XN+1,k  ®  X°  and  Pk  :  E  +  Ek  be  the  orthogonal  projector, 
then  Pkh(x)  =  z  for  z  ~  x  e  X°  n  Dm(X)  and  Pkh(3Bm(X)  n  Vm(X)  n  Xk)  = 


Pkid(3Bm<X)  n  Vm(X)  n  xk)  =  SB^E)  n  Vm(E)  n  Ek.  This  allows  us  to  apply 
Borsuk-Ulam  theorem  [8].  Therefore  we  can  go  through  the  proof  of  Proposition 
1.19  [19].  We  omit  the  details  here. 

□ 

Corollary  6.17.  Let  N+1  <  j  <  m,  0  <  p  <  1^,  h  e  Tm.  For  any  Y  c  X 
with  y(Y)  <  m-j 


h( 


D  ( X ) \Y )  n  3B  (E)  n  V.  .(E)  ^  0  . 

m  p  j~  i 


Lemma  6.18.  ck(m)  >0  V  k  >  N+1,  m  >  mQ. 

Proof.  Fix  m  >  mQ,  k  >  N+1,  by  Corollary  6.17  for  any  A  c  A, 

0  <  p  <  Rk  there  is  a  z  e  A  fi  3Bp  n  E+.  Let  C  denote  the  embedding 
constant  from  E  into  L^,  then  by  (6.14) 

VZ)  *  2  A(Z)  "  °m  /oTr!z|4dt  >  2  p2  '  °mCp4  =  2  p2(1  '  amCp2>  * 


and 


-1/ 


1  2 


Choose  =  min{1,  (20^0  /2>,  we  get  ^(m)  >  J  Pm  > 


0. 


Lemma  6.19.  For  any  k  >  N+1,  m  >  mg 
1°.  ck(m)  is  a  critical  value  of 

2°.  Any  critical  point  of  corresponding  to  ck(m)  lies  in  E\E°. 

3°.  If  ck+1(m)  =...=  ck+j(m)  sc  and  K  =  (*^)~1{0)n  fr'^c),  then 
y(K)  >  j. 

Proof.  1°  and  3®  follow  from  the  standard  argument,  we  refer  to  [19]. 

2®  follows  from  1°,  Lemma  6.4  and  Lemma  6.18.  We  omit  details  here. 


Lemma  6.20.  For  k  c  N,  k  >  N+1,  m  >  mQ,  ck  <  ck(m+1)  4  ck(m)  and 
k 


lim  ck(m)  =  c 
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Proof .  The  Lemma  follows  from  the  proofs  of  Lemmas  4.1  and  4.2. 


Step  4.  Proof  of  Proposition  6.1. 

Fix  k  >  N+1,  for  any  m  >  mg,  by  1 0  of  Lemma  6.19  and  Lemma  6.18, 
ck(m)  =  dj(m)  for  some  j  >  0.  So 

n+1 


ck(m}  =  $m(Zj)  =  irtG^YjJYj  -  2Gm^j)  )  >  min  {it  — — — Yj»  ™q  1^T  ^  +  '  >q>  ' 

"  m 


(n+1 )q_ 


G  *  ( t ) 

here  we  used  (6.5)  and  (6.13).  Since  by  definition  of  G,  - - -  is  strictly 


increasing  for  t  >  0,  by  Lemma  6.20  we  get 


G' (m  )  n+1 

,  «  ,  ,  ,  04  T  (n+1)q, 

Ck{mQ]  >  Ck(m)  >  111111  ^  - 3 — Yj'  naq  —  Yj  }  • 


So  there  exists  >  0  independent  of  m  such  that  if  z  is  a  critical 

point  of  corresponding  to  ck(ra)  with  m  >  m0,  then  a z B c  4  M ^ .  Thus 

Gjh ( |  z  |  )  =  G(jzJ)  for  m  >  m^(k)  =  max{mg,  [M ^ ]  +  1},  and  then  there  exists 
j(m)  e  N  depending  on  m  such  that 
(6.21)  ck(m)  **  <3j(m)  V  m  >  m^k) 

By  Lemma  6.20,  0  <  dk  <  dk+1,  and  (6.10),  we  get  ck  =  dj  for  some  j  e  N. 

Therefore  {ck}  is  a  subset  of  { } • 


We  claim  that  ck+N  >  ck  V  k  >  N+1’  If  not'  by  (6*11)  we  9et 


c  =  ck  =«••=  ck+N.  By  (6.21)  there  exists  m  >  mg  depending  on  k  such 
that  c  =  ck(m)  =...=  ck+N(m).  Let  K  =  ( ) “ 1  < 0 )  n  ^(c).  By  3°  of  Lemina 
6.19,  y(K)  >  N+1.  But  1°  of  Lemma  6.4  and  4°  of  Lemma  3.2  shows  that  y (J<)  =  N. 
This  contradiction  proves  the  claim. 

Assume  cN+1  =  d^  for  some  JZ.cN,  then  by  the  above  discussion  and 
(6.10),  for  k  >  max{kj,6N} 
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rrrrrrr^i  »  ^vn-n^vvi'mi! 


mrr'^r  »tv  r^j  ir»  i  -v  i 


c,  >  c  ,  „  >  d 

n+i+£=~]n 


>  X,(i  +  [^^^niog2^*  +  £^=£]) 


N 


N 


N 


>  *,U  *  |  -  3ll=?J/,(t  +  |  -  3)  >  A,.  |f  .  log2/q(|f> 


>  X  k  (log  k) 


2/q 


for  some  X  >  0.  Combining  with  (6.12)  we  get  (6.2). 
The  proof  of  Proposition  6.1  is  complete. 


§7.  The  existence  of  critical  values  of  J 


Fix  n,  k  €  H,  k  >  N+1,  we  have 


Proposition  7.1.  Suppose  ^(n)  >  ak(n)  >  Qq.  Let  6k(n)  e  (0,bk(n)  -ak(n)) 


and 


S 


®k(n,<5k(n))  ~  (h(D_.  +  1  (X)\Y)  e8k  |  Jn(h(x))  <  ak(n>  +  5k(n)  for  x  «  Dj(X)\Y} 


Let 


bk^n,^k*n^  =  *nf  sup  J 

B€^(n,6k(n))  z«B  n 

Then  b^n^j^n))  is  a  critical  value  of  Jn« 

Remark.  bk(n,6k(n))  >  bk(n).  By  Lemma  3.6,  8k(n,Sk(n))  jt  jj,  and 

bj^n^fn))  <  +«. 

For  the  proof  of  Proposition  7.1,  we  need  the  following  "Deformation 
Theorem",  which  was  proved  in  [19]. 

Lemma  7.2.  Let  Jn  be  as  above,  then  if  b  >  g8,  e  >  0  and  b  is  not 
a  critical  value  of  Jn,  there  exist  e  «  (0,s)  and  n  €  C([0,1]  x  E,  E) 
such  that 
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1".  n(t/Z)  =  z  if  Z  l  J  ' (b-e,b+e) 

n 


2°.  n(0,z)  =  z  V  z  €  E 


3°.  till,  tJn]b+e)  C  [Jn3b-e/  where  [Jn]a  =  {z  «  E  |  Jn(z)  <  a>. 
48.  P-n(  1,z)  =  o-|(z)z-  +  3 1  ( z )  V  z  e  E,  where  ai  c  C(E, [1,e2]), 
8-j  e  C(E,E~)  and  $  is  compact. 

5°.  n(t, • )  is  a  bounded  map  from  E  to  E  for  t  e  [0,1]. 


-  1 


Proof  of  Proposition  7.1.  Let  £  =  (b^fn)  -  ak(n))  >  0.  If 


b^(n,6]<(n))  is  not  a  critical  value  of  Jn,  then  there  exist  e  and  n  as 


in  Lemma  7.2.  Choose  B  £  Bk(n, 6k(n) )  such  that 


sup  J(z)  <  b  (n,6  (n))  +  e 

_  K  K 

Z£B 


there  exist  j  >  k,  hp  e  Aj,  Y  £  X  with  y(Y)  <  j-k  such  that  B  = 


hQ(Dj+1 (X) \Y) .  Define 


h ( x )  =  n( 1 ,hQ(x) )  V  x  c  Dj+1(X)\Y  =  Q 1 


h(x)  =  h0(x)  v  x  £  b j+1 ( x)  n  Vj(x>  n  y  =  q2 


h(x)  =  id(x) 


V  x  £  3Bj+1(x)  D  Vj+1(X)  =  q3. 


Denote  Q  =  Qi  U  Q2  U  C3> 


For  x  £  D_.  ( X ) \Y ,  J^(hn(x)  )  <  av(n)  +  6v(n)  <  bv(n)  -  2e  <  bk(n,6k(n))  - 


(7.3) 


h(x)  =  n( 1#bQ(x) )  =  hQ(x)  V  x  £  D j ( X)\Y  . 


For  x  £  Q3  U  ( (Bj+1(X)\Bj(X) )  n  Vj(X)),  Jn(h0(X))  <  0  <  bk(n,5k(n))  -  e. 


thus  n(1,h0(x))  =  h0(x)  =  id(x) .  So  h  £  C(Q,E) 


For  x  £  Q4  =  (Dj  +  1(X)  O  Vj(X))  U  Q3,  P~(h(x)  =  P“hQ(x)  =  a0(x)P_i<3(x)  + 


80(x)  where  ag,  8g  are  defined  for  hQ  in  3®  of  Definition  3.5.  For 


x  €  Q\Q4, 


Let  W  =  (Dj+1(X)  n  Y)\Vj { X) ,  then  3W  C  Q  where  "3"  is  taken 
within  Vj+1(X).  Since  a,  B,  P+h,  and  P°h  are  continuously  defined  on 
3W,  we  may  use  the  Dugundji  extension  theorem  ( [7] )  to  extend  them  to  w, 
then  define  P”h(x)  =  a(x)P“id(x)  +  8(x),  and  h(x)  =  P^fx)  +  P“h(x)  +  P°h(x) 
We  have  h  €  Aj.  Thus  D  =  h(Dj+1 (X)\Y)  €  8k*  By  (7.3) 

Jn(h(x)  )  =  Jn(h0(x) )  <  ak(n)  +  5k(n)  V  x  €  dT(x]\Y  . 

Thus  D  e  8k(n,6k(n)).  Now  3°  of  Lemma  7.2  yields 

sup  J  (z)  <  b,  (n,5  (n))  -  e 
„  n  k  k 

zeD 

This  contradicts  to  the  definition  of  bk(n,6k(n)).  Therefore  the  proof  is 


complete. 


We  prove  Theorem  1.2  by  contradiction.  Assume  that  the  functional  I  is 


bounded  from  above  by  M^  >  0  on  S,  the  solution  set  of  (1.1). 

Since  q2  <  2qj,  Propositions  5.4  and  6.1  show  that  there  exists  k  c  N 
such  that 

bk  >  ak  >  niax{Sg»M1} 

Let  e  =  ~  (b  -a,  ).  By  Lemmas  4.1  and  4.2,  there  exists  n-.  >  0  such  that 
5  k  k  1 

bk(n)  -  ak(n)  >  4e  and  ak(n)  <  ak+e  V  n  >  n-j 

Let  6k(n1)  =  e,  and  Sk(n)  =  2e  for  n  >  nr  Then  by  Proposition  7.1, 
bk(n,<5k(n))  is  a  critical  value  of  Jn  for  n  >  n^. 

If  h(D_.  +  1  (X)\Y)  c  Bk(n.,,e)  then  for  any  x  e  Dj(X)\Y 

Jn(h(x))  <  Jn^ (h(x) )  <  ak(n1)  +  e  <  ak  +  2e  <  ak(n)  +  2e  V  n  >  n1  . 

So  6k(n1,e)  C  Bk(n,2e)  V  n  >  nr  Therefore  for  n  >  n.,, 

b  (n,2e)  <  inf  sup  (-|  A(z)  -  J^P  (z)dt  +  J^l  f  »z  |dt )  =  b  <  +« 

Bc^n^e)  z€B 

where  PQ(z)  =  (XqIzI110  -  Bq  and  we  used  (2.6). 

Let  zn  be  a  critical  point  of  corresponding  to  bk(n,2e)  for 

n  >  n1 .  Using  (2.6),  f  e  W1#2(S1,R2N)  and  the  proof  of  Lemma  5.3  [2],  we 
get 

(8.1)  lz  I  <  M  V  n  >  n 

n  ®  4  I 

L 

where  the  constant  M2  >  0  depending  on  b,  but  independent  of  n.  Now  we 

choose  n2  >  n^  such  that  >  M2,  where  {Kn}  is  defined  in  Proposition 

2.5.  From  (8.1)  and  Lemma  2.19  we  get  that  (z^)  ~  H'*Zn2*  °n  ^°'2lr^ 

and  z  is  a  solution  of  (1.1)  i.e.  z  e  S.  But 
n2  2 

I(*n  >  =  I„  (s^)  =  Jn2(zn2)  =  bk(n2'2e)  >  bk(n2)  >  ak<n2>  >  ak  >  M1  * 
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This  contradicts  to  the  definition  of  M.,,  and  conpletes  the  proof  cf  Theorem 


The  proof  of  Theorem  1.3  is  similar.  Instead  of  (5.5)  and  (6.2)  we  shall 
w  „  ,  (P^D/Pi  <P2+1)/(P2-1) 

have  "ak  <  Mk  ,  V  k  >  k1"  and  "ak  >  ok  i  ",  by  (H4)  they 

yield  "bk  >  ak  for  infinitely  many  k" .  The  proof  is  rather  simpler  than 
that  of  Theorem  1.2.  For  example,  the  corresponding 


1 .  ,2ir 


*<z)  =  2  A(Z)  ‘  (a2  +  2>  JO 


is  and  satisfies  (P.S.)  condition.  So  the  lower  estimate  for  ak  is 

quite  straightforward.  For  the  details  we  refer  to  [13]. 

In  [15],  Pisani  and  Tucci  gave  a  result  for  (1.1), 

Theorem  8.2  (Theorem  1.1  [15]).  Let  H  satisfy  (HI)  and  the  following 
conditions 

(H5)  lim  ff-'i-gj- 1£  =  -h»  . 

M++-  M 

(H6)  There  are  constants  p  >  1,  a^,  B^  >  0  such  that 

y  H'(z)-z  -  H(z)  >  a 1 | z } 1  -  V  z  €  R2N  . 

(H7)  There  are  constants  q  e  [p#p+1)  and  a2,  S2  >  0  such  that 

| H *  < z )  |  <  Ojlzl'J  +  S2  V  z  e  R2N  • 

Then  the  conclusion  of  Theorem  1.3  holds  for  given  T  >  0  and  T-periodic 
function  f  e  l|oc(  R/ R2N)  • 

Unfortunately,  because  of  a  difficulty  caused  by  the  S^action  on 
W'2'^(S  ,k  ),  their  proof  (Lemma  1.14  [15])  is  not  complete.  Using  the 
minimax  idea  introduced  in  §3,  this  difficulty  can  be  overcome.  The  condition 
(H7)  allows  us  to  carry  out  the  proof  without  doing  any  truncation  on  H,  so 
the  function  f  can  be  allowed  only  in  L^  and  the  proof  becomes  rather 


simpler.  We  omit  the  details  here. 

We  also  refer  readers  to  a  related  density  result  proved  earlier. 

Theorem  8.3  (Theorem  1.5  [11]).  Let  H  satisfy  (HI)  and  (H5),  then  for 
any  T  >  0,  there  exists  a  dense  set  D  in  the  space  of  T-periodic  functions 
in  L2( [0,T] ,R2N)  such  that  for  every  f  e  D,  (1.1)  is  solvable. 

This  theorem  poses  a  natrual  question  whether  the  condition  (H3)  or  (H4) 
is  necessary  in  Theorems  1.2  or  1.3. 


§9.  Results  for  general  forced  systems 
In  this  section  we  consider  the  general  Hamiltonian  system 

(9.1)  z  =  JH  (t/Z)  . 

z 

Firstly  we  consider  (9.1)  with  bounded  perturbations.  That  is 

A 

Theorem  9.2.  Let  H  satisfy  the  following  conditions, 

(G 1 )  H  €  C 1  ( R  x  R  ,R)  and  H(t,z)  is  T-periodic  in  t. 

(G2)  There  exists  H  :  R2N  R  satisfying  (Hi),  (H2)  and  constants  0  <  q  <  2 

a,  t>  0,  8  >0  such  that 

1°.  H(z )  <  cxeTizlq  +3  V  z  e  R2n. 

2°.  |H(t,z)  -  H(z ) |  <  a  V  (t,z)  e  R  x  R2N. 

3°.  |Hz(t,z)  -  H  ( z ) |  <  a( | z  JP'1  +  l)  V  (t,z)  €  R  x  R2N,  where 

1  4  p  <  y  and  y  >  2  is  defined  in  (H2). 

then  the  system  (9.1)  possesses  infinitely  many  distinct  T-periodic  solutions. 
Remark .  Theorem  9.2  weakened  conditions  of  Bahri  and  Berestycki's 

A 

corresponding  result.  Theorem  10.1  [2],  who  required  H  satisfying  the 
following  conditions 
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*  2  2N 

1®.  H  e  C  (R  x  R  , r)  and  is  T-periodic  in  t. 

2®.  There  exists  H  e  C^R2*1 ,R)  satisfying  (H 2)  and  constants  q  >  1, 
a  >  0  such  that 

H{z)  <  a(|z|q+1  +1)  V  z  c  R2n 

V 

and 


IH 


Hi 


_1.„  _2N 
C  (RxR  ,  R) 


In  order  to  prove  Theorem  9.2,  we  let  G(t,z) 


H(t,z)  -  H(z),  and  consider 


functionals 

J(z)  =  A(z)  -  H ( z ) dt  -  4»(z)  JpWG(t,z)dt 

and 

J  (z)  »  4  A(z)  -  J^H  (z )dt  -  i|i  (z)  f^1TG(t,z)dt 
n  2  1 0  n  Tn  1 0 

where  HR,  are  defined  in  §2,  and  we  can  go  through  the  proofs  in  §§2  -  7 
with  the  following  estimates  for  {ak}  from  above. 

Lemma  9.3.  If  bk  =  ak  V  k  >  k^,  then  there  is  M  =  M(k1)  >  0  such  that 

(9.4)  ak  <  Mk  V  k  >  k7  . 

Proof.  Using  2°  of  (G2),  instead  of  (2.27),  we  get  that  |j(z)  -  J(TqZ)|  < 
4ttu  V  z  c  E.  So  as  in  the  proof  of  Proposition  5.4,  we  get  that 


<  inf  sup(  max  J(T  z)]  <  inf  sup(  max  J(T  z))  (by  Lemma  5.9) 

AeAk+i  zcA  0e[O,2ir]  beBk  Z£B  9 € [ 0 , 2n ] 

<  inf  sup  J(z)  +  4ra  =  bk  +  4wa  =  ak  +  4ita  V  k  >  k^ 

B€^  Z«B 


V 

Let  6  =  — .  If  5.  , ,  >  5.  ,  then  from  the  above  inequality 

k  k  K+ 1  K 

(k+1)6)c+1  <  k6^  +  4xa  <  k6k+^  +  4l,at 

so 


-35- 


This  shows  that 


Thus 


5k+1  <  4lta  * 


6jc+i  <  maxffi^,  4im}  V  k  >  k1 


5^  <  max{5k^»  4ira}  V  k  >  k^ 

Let  M  =  max{- — ,  4ra},  we  get  (9.4),  and  completes  the  proof  of  Lemma  9.3. 

*1 

□ 

Now  the  arguments  in  §8  yield  Theorem  9.2. 

Secondly,  it  is  not  difficult  to  get  direct  generalizations  of  Theorems  1.2 
and  1 . 3  for  (9.  1 ) . 


Theorem  9.5.  Let  H  satisfy  conditions  (G1)  and 
(G3)  There  exists  H  s  R2N  +  R  satisfying  (HI),  (H2)  and  either 


2q, 


1°.  H  satisfying  (H3)  and  there  are  a  >  0  and  1  <  p  <  min{ - ,  y} 


such  that 

|  H  (t,  z)  -  H(z)  |  <  <x(|z|P+1),  |h  (t,z)  -  H  ( z )  |  4 


a(|z|F_1+  1),  V(T, 


z)  €  R  x  R' 


,2N 


or 


2°.  H  satisfying  (H4)  and  there  are  a  >  0  and  1  <  q  < 


2^  +  1) 
P2+1  " 


such  that 


|H  (t,z)  -  H  ( z ) |  <  a( | z |q_1  +  1)  V(t,z)  €  R  x  R2N  . 
z  z 

Then  the  system  (9.1)  possesses  infinitely  many  distinct  T-periodic  solutions. 


We  omit  the  details  here 


?endix.  Monotone  truncations  of  H  in  c  (R  ,  R) 

In  this  appendix,  we  give  a  proof  of  Proposition  2.5. 


Recall  that  a  c  (0,1),  ya  >  2,  and  rQ  >  1  (§2).  Choose  X  e  (a,1)  such 
that  y(X-a)  <  1.  Define  K-j  =  Kq  +  2,  tq  =  1.  For  n  e  N,  define  inductively 


( A.  1 ) 


T  =  max 
n 


{t  ,  +  2,  an  +  — —  max  H(z)l  , 

1  n-1  0  „uo  .11  „  ‘ 

K  <  z  <K  +1 
n  n  '  1  n 


(A. 2) 


K  .  =  max{K  +  2,  f — ) 
n+1  1  n 


n-,  y ( 1-X) 


Here  o0  =  minjzj_r^  H(z)  >  0.  For  K  e  R,  take  %(•,!£)  e  C°°(R,R)  such  that 
X(s,K)  =  1  for  s  <  K,  x(s,K)  =  0  for  s  >  K+1  and  x'(s'K)  <  0  for  s  €  (K,K+1) 
Then  for  n  e  N  set 


Mn(z)  =  X(|*|#K  )H(z)  +  (1  -  X(|*| > )Tnlz|wX  V  z  e  R2N  . 

This  kind  of  truncation  functions  was  used  by  Rabinowitz  in  [17].  Since  the 


Mn's  do  not  satisfy  4°  of  Proposition  2.5,  we  need  to  modify  them.  Direct 
computations  (cf.  [17])  show  that 

Lemma  A . 3 .  For  n  c  M,  Mjj  e  C^R2*1#*)  has  the  following  properties. 


(A. 4) 


(A. 5) 


M^z)  =  H(z)  if  |  z  |  <  , 


M  (z)  =  x  |z|uX,  M 1 ( z ) * z  *  t  yX|z|uX,  if  | z |  >  K  +  1  , 

n  n  n  n  n 


(A. 6) 


0  <  yXM  (z)  <  M ' ( z ) • z  for  | z |  >  rn 


Integrating  (A. 6)  we  get  that 


(A. 7) 


an I z I yX  <  M„(z)  f°r  Izl  >  rn  . 


Lemma  A. 3.  For  p  >  Kji+i  we  have  fchat 


(A. 9) 


max  M'(pz)*z  <  min  H'(pz)»z 

2N- 1  n  2N- 1 

zcS  zcS 


»» W  " 


(A. 10) 


max  M'(pz)*z  <  min  M’  (oz)*z 

2N-1  "  2N- 1 

zcS  zcS 

Proof .  For  any  5,  z  e  S2N_1,  by  (H2)  and  (2.4) 
H'(pc).;  >  ~  H(p^)  >  yaQpU 


%  ,  y-  1  y ( 1-A) 

>  yXp  aQp 


>  yXpwX_1  T  (by  (A. 2)) 
n 


=  M^(pz)*z  .  (by  (A. 5)) 


This  proves  (A. 9) 


For  any  5,  z  c  S 


2N-1 


Mn+1(pc)*?  =  x(p'Kn+1)H’ +  (1  “  x(P^n+1))Tn+1pXp 


yX-1 


+  XM0.1Cn+1)(H(pC)  -  Tnt,p“X) 

>  i»n|H' (p;)"C,  Tn+1uXpUi  '} 

(by  (A.1)  and  the  definition  of  y) 

>  M'(pz)»z  (by  (A. 9)  and  (A.1))  . 

n 

This  proves  (A. 10). 


We  now  introduce  the  spherical  coordinates  (r,8)  on  R2**.  For  z  = 
(z1/...,z2N)  €  R2*1#  write  z  =  rz(0),  r  =  |z),  z(9)  =  jjj-,  0  =  (0 1 ,  •  •  •  /02N_  1 * ' 
/ 

z^  *  r  cos  8^ 

z2  =  r  sin  9^  cos  02 
(A. 11)  <  . 


Z2N-1  =  r  sin  9l***sin  02N-2  cos  ®2N- 1 
z 2^  3  r  sin  9^. . .sin  2  ^2N*1  1 

where  r  )  0,  9,  £  [0,*],  9i  €  R  for  i  =  2,...,2N-1.  We  also  write  d0  = 
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<59^. .  .d9  2n  —  i  '  and  =  d91  •  •  ’  *  ,d®2N-  1  ^or  *  =  1»**,»2N~1, 

Let  ft  =  [0,tt]  x  R2N-2.  For  0  £  ft,  p  >  C  define 

_  214-1  __  _ 
u(9,p)  =  ([e  -  it  /p, 9 1  +  it  /p]  n  [o,tt])  x  n  [0A  -  /p»9i  +  /p] 

i=2 

Since  H  and  are  uniformly  continuous  on  {Kjj  <  |z|  <  Kn+^},  there 

is  a  constant  6n  £  (0,1]  such  that 


(A. 12) 


|H(z)  -  H(z)  |  +  |m  (z)  -  M  (z)|  <  (X  -  a) a KyX 


for  any  z,  z  £  {K  <  z  <  K  „}  and  z  -z  <  6  .  There  is  a  constant 
1  n  '  1  n+1  '  '  n 


en  £  [0,1]  such  that 


(A. 13) 


|rz(9)  -  rz(?)  |  <  6n 


for  any  r  £  [K^Kj.+  j]  ,  0  £  ft  and  £  c  U(0,en).  Define 


(A. 14) 


(t)  =  minf/t,  /e  }  for  t  >  0 
n  1  n 1 


For  n  £  N;  i  =  2,...,2M-1;  k  =  1,2;  9  £  ft;  p  >  define 

Vl'V0’  ‘  I91  "  J  91vn<(>  -  V-  91  <’  *  9,>V»  -  V1  ' 

“n.i'V0’  ■  t9i  -  7  Vs  -  V'  9i  +  1  V*  -  V  ' 

Vl(9rp)  =  [91  -  f  *vn(p  -  Kn),  01  +  \  TTVn(p  -  Kn)J  n  [0,ir]  , 


vi'9i'»>  ■  i9i  -I',1'  -  V-  9i +  ;V»  -  V1  ■ 


and  for  j  =  1,...,2N-1,  define 


ftn(0,p)  =  H  un, j ( 9j  » 

ft  .  (9,p)  =  n  w  (0  ,p)  , 

n'3  KU2N-1  ”'£  * 


2N-1 

jr  '<0,p)  =  n  fj<0j,p>  * 


K\< 


--.  J 


0*^(0, P> 

n/ 3 


11  “n  i(92.,p) 
1<4<2N-1  ,l  £ 

1*3 


m 


Then  direct  computations  show  that 


Uln  1  (  6  1  r  p )  C  [0,u]  , 


a  ( 6/p)  c  n(1)<e,p)  c  Q(2)(e,p)  c  u(e,p  -  k  ) 

n  —  n  n  —  n 


(A.  IS)  J  lViV)|«fvn(p.V 


n,i 


.(0,p)l  =  v  (p  -  K  ),  i  =  2, . . .  , 2N-1  , 


n 


.  2N- 1 


l  |nn(e,p)|  =  §  (vn(P  -  Kn))‘ 

To  simplify  the  notations  we  write  Vfi(p)  =  |fln(0,p)|.  These  sets  satisfy: 
Lemma  A .  1 6 .  For  n  £  N,  0  e  p  >  1^, 

1°«  B  €  OjjtS/p)  implies  0  € 

2°,  B  €  fin(0,p)  and  y  e  imply  Y  e  ft^2^(0»p)« 

Proof.  1°.  if  B1  €  (1^^  1(01,p)/  we  have 

«,  -  j  e,»n(p  -  V  <  s,  <  e,  *\  u  -  e,)vn!0  -  *n>  , 


then 


«1  “I  V  -  V  «  V>  ”  J  vn(p  -  V>  ‘  8, 


<  ®.  +T'*  -  81>V>  -  V  ‘  «i  +  T  V»  -  V 
.(1) 


Since  01  c  [0 ,  tt]  ,  0i  e  cu^  ^(Bi»p)-  Similarly  Bi  c  <»>n,  i  <  8i»  P  >  implies 


®i  €  for  *  =  2,...,2N-1.  Therefore  1°  holds. 

2°.  If  6  e  fln(0,p),  y  e  ftn^BfP)  then 

9,  -  7  «,vn(p  -  Kn)  «  8,  <  9,  *  I  <»  -  «,>»„<»  -  V 

and 
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rl 


81  -f  V  '  V  ‘  ^  <  8,  *1  »„«>  -  V 


61  -  'V  *  V  <  91  -  I  <*  *  W"  -  V  ‘  «1  *  2  V*  ‘  V  <  • 


T,  <  6,  -  V  <  8,  ♦  .vn(p  -  Kn)  -  2  eiun(p  ‘  V  <  9,  +  *V»  '  V 


Since  yi  f  [0,ir],  we  get  that  y1  e  “nfi(®i»P>*  Similarly  yi  €Un^i^0i'P) 


for  i  =  2,...,2N-1.  Thus  2°  holds  and  the  proof  is  complete. 


—  2N-1 

For  neN,  p  >  1^,  z  c  S  define 


Fn(p,z)  =  min{M^(pz) »z,  H*(pz)»z} 


Note  that  Fn  is  continuous  in  its  arguments.  Define  for  z  =  rz(0)  e  R  , 


r  =  |  z  |  ,  z  (  9)  =  A, 


V2>  ■  II  TTST/il  (9,p)  "i" 


Fn(p»z(Y)  )<JBdp 


H  (z)  = 
n 


H(z), 


if  |z|  <  Kn, 


G  (z)  +  H(K  z ( 0 ) ) ,  if  K  <  Izl  . 
■  n  n  n 


Note  that  when  r  =  |z|  >  Kn+1,  by  (A. 5)  and  (A. 9), 


(A. 17) 


V2)  *  /r”+1  Vl^TSa  (8,o)  ,^n  »„lp.*<Y))aBap 

Y€^  (6/p) 

n 


.  _  ,_v*  vu\  v 

+  Tn(r  Vi5  • 


*  1  2N 

Lemma  A. 18.  For  n  c  N,  H  c  C  (R  ,R). 


V,V.s','.v  v.' -.'v y-.-.  \,\n, , 


Proof .  Since  H,  Mjj  «  C  (R  »R)  and  in  the  formula  of  Gn  all  the 


variables  r,  8  only  appear  linearly  in  the  integration  limits,  H  is  C 

n 


continuous  on  {|z|  <  Kj^}  and  {|z|  >  Kn).  We  only  need  to  verify  the  C1- 
continuity  of  at  every  5  e  R2N  with  k|  =  1^,  =  y^jy. 


For  z  =  rz(0)  with  r=|z|  >K,z(8)=  -r~r, 

n  |  z  | 


(A. 19) 


3H  (z)  3G  (z) 

n  n  1  .  — 

— -  =  — - -  =  — — — -  min  F  (r,z(y))dft 

3r  3r  V  (r)  J  ft  (e,r)  ...  n  T  p 

n  n  .  (  1 ) ,  .  . 

YeSr  (6,r) 


min  F  (r,z(y) )  , 


for  some  $  c  ftn(9,r)  by  the  mean  value  theorem  of  integration.  Thus 


lim 

M>UI=k 


3H  (z) 
n 


lim  min 

M>kk 


Fn(r,z(y) ) 


Fn(Kn,C)  =  H-(V).C 


_  9«(g) 

3r 


From  the  definition  of  Gn  we  get  that 


3G  (z) 
n 


,(e,p)(’  "  T  V"  -  Vp'!“1r)> 

n  n  i  4 


(A. 20) 


-min  Fn ( p » z ) (y) ) ] d  g  ^  dp  , 


where  A.  = 


■  +  2  <*  '  VV»  -  V'p>  ><  “n.l'S-P’'  *2  - 


“n!!(ei  *  2  Vn10  "  Kn,,sl  x  “ill18-0’-  so  for  *n  <  r  <  *1,  *  s„' 


we  get 


5Gn(Z)  2  -  ,r  1 

39  it  Mn  4  - — 

1  n  /p  -  K 


dp  (by  (A. 15)) 


— M/r-K  +0  as  r+K  , 
tv  n  n  n 


where  Mn  =  max( Q#p , £nx [R  /K  +  1]  Fn<p#z(0>).  Thus 


3H  (z) 
n 


;!>kl=K 


3G  (z)  3H(KZ(0)) 

lim  -  +  - - - )  = 

L  30!  39i  J  39l 


>I?!=k 


Similarly  we  have  that 


SV2>  )H,U 


aei  sei 


for  i  “  2f • • • f 2N— 1  • 


!>ld=K 


This  completes  the  proof. 


Lemma  A . 2 1 .  For  n  e  N  and  z  e 


(A. 22) 


H  (z)  <  H  . ( z )  <  H(z ) 
n  n+1 


Proof .  1°.  We  prove  that  H^fz)  *  H(z). 


If  ] z |  <  Kn,  this  is  true  since  IMz)  =  H(z). 


If  K  <  z  ,  write  z  =  rz(0),  then 
n 


i  (z)  <  fl  ~  L  H'  (pz(y)  )*z(Y)d8dp 

n  JK  V  (p)  Jn  (0,p)  / . \ 

n  n  n  » 

yenn  (e»p) 


+  H(K  z(0) )  . 

n 


By  1°  of  Lemma  A.  16,  6  €  ftn(0,p)  implies  that  0  c  so 


n  n  n 


+  H(K  z(0) ) 
n 


=  /'  H*  (pz(0)  )*z(e)clp  +  H(Knz(0)  ) 


H  (  z  )  . 


2°.  We  prove  that  H  (z)  <  H  .(z). 


If  |  z  j  <  this  is  a  consequence  of  1°  since  Hn+-)(z)  =  H(z) 

If  Kn+1  <  |z| ,  write  z  =  rz(0),  then  by  the  definition  of  H^, 


o 


H  (Z)  =  /„  —  r  L  fa  ,  min  F  ( p , z( y )  )dgdp 

n  J Kn+ 1  Vn  p  ® p  Ml  .  n 

yeQn  (S,p) 


+  H  (K  - z { 0 ) ) 
n  n+ 1 


‘  d  ,  VT?T  In  (9,0)  !flfi  Mn(pz(Y> >*2<Y>d8dP 

n+1  n  n 


+  H  (K  A„z(0) ) 
n  n+1 


*  H  ,  V— ( 7>  In  (6,p>  Y?S  H;(»3(T))-*<T)«dp 

n+1  n+1  n+1 


+H  (K  ,z ( 0) ) 
n  n+i 


‘  H  ,  VT7T  In  . (6» p)  *?i8  Fn+i(p'ztY),d6dp 

n+1  n  n+1 


+  H(Kn+tz(0))  , 


here  we  used  (A. 9),  (A. 10),  and  1 0  of  this  lemma.  Thus 


H  (z)  <  H  (z)  if  K  <  z 
n  n+1  n+1 


and  this  completes  the  proof . 


Lemma  A. 23.  For  every  n  c  »f 


(A. 24) 


0  <  pcrH  (z)  <  H’(z)»z,  vizi  >  r.  . 
n  n  0 


Proof.  Write  z  =  rz(0),  r  =  z,  z(0)  = 


If  rQ  <  |z|  <  X^,  (A. 24)  holds  by  (H2)  and  JMz)  =  H(z). 

A  A 

If  Kn+i  4  J  z | ,  then  by  the  definition  of  and  (A. 17)  h^(z)»z  = 


t  pXr1^.  So 
n 


r.Ti’.  yv  y. 


«;<*>•*  -  UOHn(z)  -  w  jK  xrT^T  /„  (e  ,  «ln  Fn(P,z(T))d8do 

"  "  n  Y«o”’(«.p) 

—  y  X 

-  yaH(Knz(e))  +  Tny Xr 


>  yaHn<z)  -  ycr  M^( pz( 0 ) )  *z( e  )dp 
n 


-  ycH(K  z(0) )  +  t  yXr 
n  n 


(by  1°  of  Lemma  A. 16) 


yoHn(z)  +  TnyXrW^  -  ya^r11*  +  yoMn(Knz(8) ) 


-  ycrH(K  z(Q)  ) 
n 


>  ycrH  (z)  , 

n 


since  X  >  a  and  M  <K  z(0))  =  H(K  z(0)). 

n  n  n 

If  Kh  <  | z |  <  Kn+1,  by  2°  of  Lemma  A. 16, 


-Ful'a  <9.r> 

"  "  YCli‘1)<6.r> 


>  min  rFn(r, z  (y)  ) 

yefi^2)(0,r) 


rFn(r,z(5))  , 


for  some  £  €  0^2)  (©»*■),  by  the  conpactness  of  n^2 '  (0,r).  So  we  get  that  by 


1 0  of  Lemma  A. 16 


A  A  _  J  — 

H’(z)»z  >  yaH  (z)  +  rF  (r, z ( 5) )  -  yo  F  (p,z(0))dp 
n  n  n  *  **  n 


(A. 25) 


-  yaH ( K  z(0)) 
n 


We  consider  two  cases: 


Case  1.  F  (r,z(£))  =  M* (rz ( £) ) »z ( JJ) . 


Then  from  (A. 25)  and  1  of  Lemma  A. 16 

H'(z)*z  >  ya H  (z)  +  M ' (rz(  £ ) ) -r7(  £ ) 
n  n  n 

-  ya  M*(pz(0))»z(8)dp  -  yaH(K  z(0)) 

4  k  n  n 

n 

A  _  _ 

>  yaHn(z)  +  y\Mn(rz(£))  -  yaM^frzO)) 

(by  (A. 4)  and  (A. 6)) 

>  yaHn(z)  +  yQ-a)Mn(r7(£) )  -  ycr|  Mn(rz  ( £) )  -  Mn(rz(0))| 

>  yaHn(z)  +  yQ-a)ct0K^X  -  ya|Mn(r7(£))  -  Mn(r7(0))| 

(by  (A. 7) ) 

A 

>  yaH  (z) 

n 

In  the  last  inequality,  we  used  (A. 12),  (A. 13),  (A. 15),  and  that  £  £  ft^^(0*t). 

Case  2.  F  (r/z(£))  =  H '  (rz  ( £ )  ) «z ( £ ) . 

-  n 

Then  from  (A. 25)  and  1 0  of  Lemma  A. 16, 

H'(z)»z  >  yaH  (z)  +  H ' (rz ( £ ) ) «rz ( £ )  -  ya  H’ ( pz( 0 ) ) »z( 9 )dp 

n 

-  yaHtK^fO)) 

>  yaH  (z)  +  yH(rz(£))  -  yaH(r7(0))  (by  (H2)  ) 

n 

>  yaHn(z)  +  y ( 1  -a)ctQK^  -  ya|H(rz(£))  -  H(rz(0))| 

(by  (2.4)) 

A 

>  yaH  (z)  , 

n 

here  we  used  (A. 12),  (A. 13),  (A. 15),  and  that  £  €  a£2)(0,r). 

Thus  H^(z)»z  >  yaHjjt 2 )  if  Kji  <  1 2 1  <  Kn+l* 

Finally  from  (A. 6)  and  (H2),  H^z)  >  0  for  |z|  >  rQ,  and  this  completes 
the  proof  of  (A. 24). 

□ 

A 

To  get  6°  of  Proposition  2.5,  we  modify  H^’s  again. 

For  n  c  N,  z  =  rz(8),  from  (A.  17)  if  r  >  K^,  we  get  that 
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